There are many applications of the enumeration of maps in surfaces to other areas of mathematics and the physical sciences. In particular, in quantum field theory and string theory, there are many examples of occasions where it is necessary to sum over all the Feynman graphs of a certain type. In a recent paper of Constable et al. on pp-wave string interactions, they must sum over a class of Feynman graphs which are equivalent to what we call (p, q, n)-dipoles. In this paper we perform a combinatorial analysis that gives an exact formula for the number of (p, q, n)-dipoles in the torus (genus 1) and double torus (genus 2).
Introduction
A map is an embedding of a graph in an orientable surface such that the deletion of the edges decomposes the surface into regions homeomorphic to open disks. These regions are the faces of the map. If a map has i vertices, j faces and k edges, then the genus g of the underlying surface is determined by the Euler-Poincaré formula, 2 − 2g = i − k + j. If M is a set containing m g maps of genus g for every g ≥ 0, then
is called the genus series for M. A map is rooted by distinguishing a mutually incident vertex and edge, and the root edge is indicated in diagrams by a directed edge whose origin is the root vertex. Since our maps are in orientable surfaces, for any vertex v of the map, we can specify a cyclic list of the edges incident with v that would be encountered in traversing the boundary of a small disk, centered at v, in the sense of the orientation of the surface. We will assume throughout that this sense is anticlockwise. For example, consider the map in Figure 1 with edges labelled e 0 , . . . , e 6 . The edges incident with the root vertex occur in the cyclic order (e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 ) about the root vertex. The edges incident with the nonroot vertex occur in the cyclic order (e 0 , e 6 , e 4 , e 5 , e 2 , e 3 , e 1 ) about the nonroot vertex.
To define a (p, q, n)-dipole, let m be a rooted map with 2 vertices of degree n (with no loops) and one other distinguished edge (indicated by a dashed edge in diagrams). Let E − be the set of edges occurring after the root edge, but before the dashed edge, in the list of edges ordered about the root vertex (in an anticlockwise sense as described above). Let E + be the set of edges occurring after the root edge, but before the dashed edge, in the list of edges ordered about the nonroot vertex. For example, for the map in Figure 1 , E − = {e 1 , e 2 , e 3 , e 4 } and E + = {e 6 , e 4 }. If |E − | = p − 1 and |E + | = q − 1, then m is a (p, q, n)-dipole. Equivalently, we could say that the dashed edge is the pth edge after the root edge when considering the edges ordered about the root vertex, but is the qth edge after the root edge when considering the edges ordered about the nonroot vertex. Figure 1 gives an example of a (5, 3, 7)-dipole. Since this map has 3 faces, its genus is Let D p,q,n (u) be the genus series for (p, q, n)-dipoles. By considering the symmetry between the two vertices and the symmetry between the two distinguished edges, respectively, we obtain the following relationships:
So we need only find
Let D n (u) be the genus series for all rooted dipoles (with no other distinguished edge). Since there are n − 1 nonroot edges which could be distinguished we observe that
Appendix A lists D p,q,n (u) and D n (u) for small values of n.
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Our interest in computing D p,q,n (u) comes out of an application to string theory. In [1] , (p, q, n)-dipoles are equivalent to a set of Feynman graphs used in the computation of a certain two-point correlation function in free Yang-Mills theory. The purpose of their calculation is to draw some connections between Yang-Mills theory and string theory in a pp-wave background. In their paper, the authors obtain asymptotic results for the number of (p, q, n)-dipoles of small genera. Here we will give an exact enumeration of (p, q, n)-dipoles of genus 0, 1 and 2. Results for the sphere and torus are given in Section 2, and for the double torus in Section 3. This section will conclude with a few definitions and some pertinent background about dipoles.
Let S n represent the symmetric group on n symbols. The cycle-type of a permutation π ∈ S n will be described by a partition θ = [1 a 1 2 a 2 · · ·] to indicate a permutation with a i cycles of length i for i = 1, 2, . . .. Since the lengths of all the cycles of π sum to n, θ is a partition of n, and we write θ n to denote this. For this reason, the partitions of n index the conjugacy classes of S n . If m is a map on n edges, we describe the face-type of m by a partition of 2n, [1
, indicating that m has f i faces of degree i for i = 1, 2, . . .. It is well-known that a map can be encoded by a pair of permutations (ν, ) describing the vertex and edge structure of the map in such a way that the cycle-type of the product ν gives the face-type of the map. This axiomatization for combinatorial maps is described in great detail in [5] . Jackson [3] used the character theory of the symmetric group to count the number of ways of representing a fixed cycle of length n in S n as a product of permutations from specified conjugacy classes. This immediately gave the genus series for monopoles [2] (maps with 1 vertex) and the character theoretic tools developed in [3] led to a new approach to map enumeration that gave results for arbitrary genus [4] .
Kwak and Lee [6] (and independently Rieper) used similar methods to obtain the genus series for rooted dipoles. They accomplish this by giving a combinatorial argument that the number of rooted dipoles on n edges with k faces is equal to the number of full cycles π ∈ S n such that ωπ has k cycles where ω is a fixed n-cycle. They then appeal to Jackson's result to obtain
making it very convenient to use the above formula for computation.
Results for the sphere and torus
The number of (p, q, n)-dipoles on the sphere is easily seen to be 1 if p + q = n and 0 otherwise. Determining the number of (p, q, n)-dipoles on the torus is more interesting, and still involves considering these two cases separately. We begin with the case p + q < n and then look at p + q = n. Of course, p + q > n is determined by symmetry.
Proposition 2.1 If p + q < n, then the number of (p, q, n)-dipoles of genus 1 is
Proof: Genus 1 dipoles have 2 + e − v − 2g = n − 2 faces. Since for any dipole every face has an even number of edges, this implies that genus 1 dipoles must have face-type If the distinguished (dashed) edge of a (p, q, n)-dipole is one of the edges that are represented by the gray region labelled 'a' or 'd', we have p + q = n. Also, if the distinguished edge is one of the edges that are represented by the gray region labelled 'c', we have p+q > n. Hence we need only look at the case where the distinguished edge is one of Since b must be less than both p and q, the number of (p, q, n)-dipoles of this form is
Therefore, there are a total of
(p, q, n)-dipoles with the property that p + q < n.
For the p + q = n case, we will make use of the following well-known lemma. solutions to the equation
where x, z are nonnegative integers and y i is a positive integer for i = 1, . . . , k.
Proposition 2.3
If p + q = n, then the number of (p, q, n)-dipoles of genus 1 is
Proof Figure 2(a) , if the distinguished edge is one of the edges that are represented by the gray regions labelled 'a' or 'd', we have p + q = n.
If the distinguished edge is located among the edges represented by the gray region labelled 'a' in Figure 2 If the distinguished edge is located among the edges represented by the gray region labelled 'a' in Figure 3 (a), then we can define a 1 , a 2 just as we did in the previous case and find the number of (p, q, n)-dipoles of this type is given by the number of solutions to the equation e + b + c + d + a 2 = q − 1 where b, c, d ≥ 1 and e, a 2 ≥ 0. By Lemma 2.2, this is (p, q, n)-dipoles such that the distinguished edge is located among the edges represented by the gray region labelled 'e' in Figure 3(a) .
Finally, if the distinguished edge is located among the edges represented by the gray region labelled 'c' in Figure 3(a) , then we find that there
(p, q, n)-dipoles of this type using the exact same reasoning as for the p + q < n case. Therefore there are a total of
By symmetry, we need only consider p ≤ q, so we can simplify
and conclude that for p ≤ q, the number of (p, q, n)-dipoles on the torus is
Results for the double torus
The method used to count (p, q, n)-dipoles of genus 1 can be used, in principle, to obtain formulae for genus 2, 3, . . . , but it soon becomes unfeasible to try to deal with all of the cases that arise. To convince ourselves that our procedure generalizes in a natural way, we carried it out to solve the genus 2 case. In this section we present our results for the double torus followed by a description of the steps taken to obtain them. Since the method required dealing with over 100 similar cases, we look at only one typical case and conclude with an interesting observation about some of the other cases.
Proposition 3.1 If p + q < n, then the number of (p, q, n)-dipoles of genus 2 is we find that there are 12 that yield a product that consists of two 3-cycles. These 12 permutations represent the only rooted dipoles on 6 edges with 2 faces of degree 6. A dipole on n edges of face-type [6 2 2 n−6 ] can now be constructed by replacing the edges of these dipoles with face-type [6 2 ] with multiple non-crossing edges. Because of the awkwardness of the polygonal representation of the double torus, we return to the type of diagram used in Figure 1 . Figure 4 shows a rooted dipole on 6 edges with face-type [6 2 ], and Figure 5 shows the same dipole, now on n edges, where the gray edges represent groupings of edges that do not cross each other. As in Proposition 2.1, we distinguish the rooted edge from the others by adding an edge on both sides of the rooted edge for the digons that follow this edge. Notice that it is possible for the two (light) gray edges adjacent to the rooted edge to represent no edges at all, as in the case n = 6, but all the other gray edges must represent at least one edge. Of course, the total number of edges represented by the gray edges must be n − 1. Now, since this gives us seven possible groupings of digons in which the second distinguished, or dashed, edge could be found, we must consider these seven cases separately. Of course, we consider only the cases that yield p + q < n. As with the rooted edge, we want to distinguish the dashed edge from the others, so we add a gray edge on both sides of the dashed edge for the digons that follow this edge. Again, it is possible for these two gray edges to represent no edges at all. For each of the applicable cases, we use the same techniques we used in the proof of Proposition 2.1 to calculate the number of (p, q, n)-dipoles that are equivalent to our underlying case, that is, the number of (p, q, n)-dipoles that, when each grouping of digons is replaced by one edge, are identical to our given case.
For the dipole in Figure 5 , if the distinguished edge is among the group of edges labelled 'a' or 'b', we have the case p + q = n, and if it is among the edges labelled 'g', we have the case p + q > n. So for (p, q, n)-dipoles with p + q < n, we look at the cases where the distinguished edge is among the edges labelled 'c','d','e', or 'f '. Figure 6 shows the case where the distinguished edge is among the edges labelled 'c'. Here we have b + c 1 = p − 1 and a + f + d + e + c 2 = q − 1, and since we know that a + b + c 1 + c 2 + d + e + f + g = n − 2, we also have g = n − p − q. Since a, b, c 1 , c 2 ≥ 0 and d, e, f, g ≥ 1, Lemma 2.2 gives the number of (p, q, n)-dipoles such that the distinguished edge is among the edges labelled 'c' is
Using a similar analysis, we calculate that there are (p, q, n)-dipoles such that the distinguished edge is among the edges labelled 'd', and p 4 q (p, q, n)-dipoles such that the distinguished edge is among the edges labelled 'f '. The case where the distinguished edge is among the edges labelled 'e' is a little different because here the group of edges labelled 'd' contributes to both p and q. We account for this by summing over the possible number of edges labelled d. Labelling 'e 1 ' and 'e 2 ' analogous to 'c 1 ' and 'c 2 ' in Figure 6 , we have that b + c + e 1 = p − d − 1 and a + f + e 2 = q − d − 1 and g = n − p − q. If we let i = d, then since c, f ≥ 1 and a, b, e 1 , e 2 ≥ 0, we appeal once more to Lemma 2.2 to get that there are
(p, q, n)-dipoles such that the distinguished edge is among the edges labelled 'e'. A very similar calculation is performed for each of the 114 rooted dipoles referred to in Table 1 . To arrive at our final result, we added the equations obtained for each such case, and then simplified that sum.
It is important to note that each case must be handled separately. The relevant calculations don't just depend on face-type. For example, consider the two dipoles in Figure 7 . Although both of these dipoles have face-type [6 2 2 n−6 ] and if we let n = 6, both § §¨ F igure 7: Two (p, q, n)-dipoles with face-type [6 2 2 n−6 ].
have p = 3 and q = 3, they yield different equations. There are
(p, q, n)-dipoles of the first type, and
(p, q, n)-dipoles of the second type. In fact, even when considering different rootings of the same dipole, we can obtain different expressions for the number of (p, q, n)-dipoles obtained by adding digons in all possible ways. We obtain this result using the same method as that used for Proposition 3.1, except that now we look at cases that yield p + q = n.
It should be noted that all of the results in this paper have been carefully checked. This is especially important for Propositions 3.1 and 3.2, where many detailed calculations were performed and then summed over a large number of cases. The final simplification was done using Maple. Appendix A has a list of the genus series for all (p, q, n)-dipoles on up to 10 edges. These were created by generating each (p, q, n)-dipole by exhaustive search using the permutation encoding of [6] . Our results were then checked against each entry in these tables.
A Tables
Finally, we list tables giving D p,q,n (u) and D n (u) for small values of n. 10 edges
edges
p q D p,q,n (u) 1 1 1 D 2 (u) = 1 3 edges p q D p,q,n (u) 1 1 u 1 2 1 2 1 1 2 2 u D 3 (u) = u + 1 4 edges p q D p,q,n (u) 1 1 2 u 1 2 2 u 1 3 u + 1 2 1 2 u 2 2 u + 1 2 3 2 u 3 1 u + 1 3 2 2 u 3 3 2 u D 4 (u) = 5 u + 1 5 edges p q D p,q,n (u) 1 1 3 u 2 + 3 u1 2 2 u 2 + 4 u 1 3 3 u 2 + 3 u 1 4 5 u + 1 2 1 2 u 2 + 4 u 2 2 u 2 + 5 u 2 3 2 u 2 + 3 u + 1 2 4 3 u 2 + 3 u 3 1 3 u 2 + 3 u 3 2 2 u+ 6 u 1 3 18 u 2 + 6 u 1 4 20 u 2 + 4 u 1 5 8 u 2 + 15 u + 1 2 1 18 u 2 + 6 u 2 2 15 u 2 + 9 u 2 3 16 u 2 + 8 u 2 4 15 u 2 + 8 u + 1 2 5 20 u 2 + 4 u 3 1 18 u 2 + 6 u 3 2 16 u 2 + 8 u 3 3 16 u 2 + 7 u + 1 3 4 16 u 2 + 8 u 3 5 18 u 2 + 6 u 4
